



ON J. C. C. NITSCHE TYPE INEQUALITY FOR ANNULI ON 
RIEMANN SURFACES 
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■ Abstract. Assume that {Af, h) and {M., p) are two Riemann surfaces with 

conformal metrics h and p. We prove that if there is a harmonic homeomorphism 
between an annulus A d M with a conformal modulus Mod(^) and a geodesic 
' annulus Ap{j), pi, p2) C M, then we have p-i/ pi > 'I'pMod(^)'^ + 1, where 

I is a certain positive constant depending on the upper bound of Gaussian 

. curvature of the metric p. An application for the minimal surfaces is given. 
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1. Introduction 



1.1. Background and statement of the main result. In order to include some 
background related to the problem treated in this paper assume that A(a, b) is the 
annulus {x S R" : a < |x| < 6} in the Euclidean space R", n > 2. Fifty 
years ago J. C. C. Nitsche [19], studying the minimal surfaces and inspired by ra- 
CN , dial harmonic homeomorphism between annuli, by using Hamack inequality for 

positive harmonic functions in R" proved that the existence of an Euclidean har- 
monic homeomorphism between annuli A(r, 1) and A.{p, 1) is equivalent with an 
'sj" \ inequality p < p.,., where pr is a positive constant smaller than 1. Then he conjec- 

^ ■ tured that forn = 2 



2 ■ 



This conjecture is solved recently in positive by Iwaniec, Kovalev and Onninen in 
m. Some partial results have been obtained previously by Lyzzaik [18|, Weits- 
^ \ man |(24ll and the author [15|. On the other hand in [5| and in [14] is treated the 

same problem for the harmonic mappings w.r.t the hyperbolic and Riemann met- 
ric in two-dimensional hyperbolic space and in two-dimensional Riemann sphere 
respectively. The n— dimensional generalization of J. C. C. Nitsche conjecture is 

(1.2) p. 



n — 1 + r"- 

and is inspired by the radial harmonic mapping 

(1.3) /(x) = f^-^""'^ + ;""'^;;" \x 
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between annuli A(r, 1) and A(p, 1) (c.f. [13]). In |[T4l|T3l the author treated the 
three-dimensional case and obtained an inequality for Euclidean harmonic map- 
pings between annuli on R'^. The last conjectured inequality for n > 3 remains an 
open problem. 

The Nitsche phenomena is rooted in the theory of doubly connected minimal 
surfaces (cf. (HI) and in the existence problem of maps between annuli of the 
complex plane, Riemann surface or Euclidean space with the least Dirichlet energy 
(cf. [81, 1161, [21]). 

In this paper we consider harmonic mappings between certain annuli of the Rie- 
mannian surfaces and study J. C. C. Nitsche type problem for the harmonic map- 
pings between geodesic annuli of Riemannian surfaces. By [Ai, p) we denote a 
Riemann surface with the conformal metric p{w)\dw\, whose Gaussian curvature 
K = Kp{w) is bounded from the above by a constant iLk^ {swp Kp{w) = or 
sup Kp{w) = —K^). By Bp{p, pp) we denote the geodesic ball with the center at 
p € ^A which is disjoint from the cut-locus of p with the radius Pp > (which for 
sup K = satisfies the additional condition pp < tt/{2k)). The geodesic annulus 
is defined by Ap{p, pi,p2) = Bp{p, p2) \ Bp{p, pi). (We refer to section |2H for 
more details concerning the above concepts.) The following is the main result of 
this paper 

Theorem 1.1 (The main result). If there exists a harmonic homeomorphism be- 
tween an annulus A(ri,r2) C and a geodesic annulus Ap{p, pi, P2) of the 
Riemann surface {Ai , p), then we have 

(1.4) ^>*,log^^ + l, 



Pi n 



where 



(1.5) 



2repi 

2' 



It is well-known the following fact, a simply connected minimal surface E C 
R^, lying over a simply connected domain 17 7^ R , can be parameterized by a 
conformal harmonic parametrization (Weierstrass-Enneper parametrization) w = 
f[z) = {fi{z)j2{z)j2{z)) ■■ D{0,1) S, where Z?(0,1) is the unit disk. More- 
over S is a Riemann surface with a conformal metric p = {\g'{z)\ + |/i'(z)|)|(iz| 
with negative Gaussian curvature. Here g and h are certain holomorphic functions 
in the unit disk -D(0, 1) such that f{z) = g{z)+h{z) is a harmonic diffeomorphism 
of the unit disk onto the domain Q (cf. ||3l Chapter 10]). 

The conformal modulus of an annulus A in complex plane or in a Riemann 
surface is Mod(^) := log ^, where ri and r2 are inner and outer radii of a circular 
annulus A = A{ri,r2) conformally equivalent to A. 

By using Theorem 1 1.1 1 (i.e. its reformulated version Theorem 14.11) and the pre- 
vious facts we have 
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Corollary 1.2. Assume that (S, p) is a simply connected minimal surface other 
than a whole plane. Then for every geodesic annulus ^p(0, pi , P2) C S there hold 
the inequality 

(1.6) ^ > jMod(Ap(0,/5i,p2))' + l, 

Pi ^ 

or what is the same for a circular annulus A = A{pi,p2) C and for the 
exponential map exp = expg ( cf. subsection \2.2i , we have 

exp(Mod(^)) > ^Mod(exp(A))2 + 1. 

Proof (of Corollaryim. Let w = f{z) = (/i(z), ^(z), /2(z)) : L>(0, 1) ^ S 
be a Weierstrass-Enneper parametrization of a minimal surface S C R'^ such that 
/(O) = 0. Let A C 15(0, 1) be the pull-back of Ap(0, pi,p2) under /. Since / is 
conformal, we obtain that 

Mod(i) = Mod(Ap(0,pi,p2)). 

Since the Gaussian curvature is negative then the function ^ defined in (11.51 ) sat- 
isfies the inequality ^p(i^) > ^'p(O) = 1/2. From Theorem 14. 1 1 we obtain 
(11.61) . In order to obtain the second inequality we only need to point out that 
exp(^(pi, P2)) = ^p(0, Pi, P2) which follows from the elementary properties of 
exponential map. □ 

Remark 1.3. In connection with Theorem 11.11 (Theorem 14. It . we should notice 
that the ratio P2/P1 determines the modulus of annulus Ap{p, pi, P2) only in the 
surface with a flat metric (a metric with zero Gaussian curvature). This means in 
particular that we cannot obtain in general an inequality involving only the confor- 
mal moduli of an annulus and of its harmonic image. 

Theorem 11.11 is an extension of the main results in |[T4] [T5l |5] HH where it is 
proved the same result but only for the Euclidean, Riemann and Hyperbolic metric 
on the unit disk. It can be considered as a counterpart of some recent results of 
Iwaniec, Koh, Kovalev and Oninnen f7','6'] where the authors established the exis- 
tence of harmonic diffeomorphisms between the annuli in complex plane, and of 
the author [17], where the author established the existence of harmonic diffeomor- 
phisms between annuli on Riemann surface, provided that the conformal modulus 
of domain is less or equal to the conformal modulus of the target. The proof of 
Theorem 11.11 is given in section |4] and it depends on the geometry of Riemann 
surface, more precisely we use a version of Hessian comparison theorem of Yau 
and Schoen, which is one of most fundamental tools of Riemannian geometry. We 
make use as well of a comparison principle due to Osserman. Two of the key 
steps of the proof are: computation of the Laplacian of the distance function of a 
harmonic map in geodesic polar coordinates with variable Gaussian curvature and 
comparison of that Laplacian with the Laplacian of distance function of a harmonic 
mapping in geodesic polar coordinates with constant Gaussian curvature. 
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2. Preliminaries 

2.1. Harmonic mappings between Riemann surfaces. Let {M, h) and {Ai, p) 

be Riemann surfaces with conformal metrics h and p, respectively. If a mapping 
/ : {J\f, h) — )■ {M., p) is C^, then / is said to be harmonic (p-harmonic) if 

(2.1) /.^ + (logp')^o//,/, = 0, 

where z and w are the local parameters on M and Jv[ respectively (see Ell). Also 
/ satisfies (12.11 ) if and only if its Hopf differential 

(2.2) nf\ = p'°ffzTz 

is a holomorphic quadratic differential on M. 

Let D be a domain in C and p be a conformal metric in D. The Gaussian 
curvature of the smooth metric p is given by 

Alogp 



2.2. Geodesic polar coordinates. Assume that {M., p) is a Riemannian surface 
with conformal metric p{w)\dw\ whose Gaussian curvature K is bounded from 
above by a constant sup K = The inner product in the tangent space T^M is 
given by gwiCO '■= P^{w) {C, 0- The distance function dp is defined as follows 

dp{p,q) ■■= inf / p{w)\dw\, 

where the infimum runs over all rectifiable Jordan arcs j C A4 connecting p and q. 
The disk on the Riemannian surface with the center p £ A4 and the radius Pp > 
is defined as 

Bp{p,Pp) = {qe M : dp{p,q) < pp}. 

The disc Bp{p, pp) is called geodesic, if for any a, 6 G Bp{p, pp) it exists a geo- 
desic curve c C Bp{p,pp) joining a and b. Equivalently, Bp{p,pp) is the diffeo- 
morphic image of the Euclidean open disk D{0,pp) under the exponential map 

exp : D(0,pp) Bp{p,pp) C M. 

Let 

(2.3) ds'^ = dp'^ + G^{p,e)de^ 

be the metric in geodesic polar coordinates on the geodesic disk Bp{p, Pp),p S M., 
where Pp > and for sup K = it satisfies the additional condition 

(2.4) Pp<^- 

The condition (12.41) is related to the comparison theorem of Morse-Schoenberg, 
which implies the local diffeomorphic behavior of exponential map, and the last 
fact is used by Jost in the proof of [11. Theorem 2. 1] for the existence of a geodesic 
ball. The geodesic annulus with the inner and outer radii pi and p2 is defined as 

-4p(]5,/)i,/32) = {qeM: pi< dp{p,q) < P2}, 
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where p2 satisfies (I2.4I) . We sliall use the following well-known facts, which fol- 
lows from (I2.31i 



(2-5) ^-f_a^l-'^IJ=^ 



(2.6) 



(2-7) 5.«(T^L„,7r:lJ=0 



i-\ 


d 1 







QO\w^ Qp\ 

For the definition of the above concepts and detailed study of the Riemannian 
metrics we refer to S Chapter 1]. 

2.3. Rotationally symmetric metrics and Iiarmonic mappings. The following 
lemma is essentially proved in the author's paper [14], but for the completeness 
and for the future reference we include its simplified proof here. 

Lemma 2.1. Assume that p is a rotationally symmetric metric, i.e. p{w) = h{\w\) 
for some smooth real function h defined in a segment [0, a]. Let f be a p— harmonic 
mapping of the unit disk onto Dp{p, s) and assume that {p{z), 0{z)) are geodesic 
polar coordinates of the point w = f{z). Then 

G{p,e) = v{p)/v'{p) 

where 7]^^{\z\) = dp{p, z) and 

1 BC"^ 

(2.8) Ap{z) = 2^|V^I'- 

Proof. Let g be the inverse of the function s i— )• (ip(s, 0). Then we have 

rgip) 

p= h{t)dt. 



Thus 

(2.9) 1 = g'{p) ■ h{g{p)), 

and 

(2.10, ^.-4 

h g'^ 

Therefore the metric of the surface can be expressed as 

ds^ = p{wf\dw\^ = h{pf\d{g{p)e''^)\'^ = dp^ + G'^{p)de'^ 

where 

(2.11) G\p) = h\g{p))g\p). 

If It; = /(z), is a twice differentiable, then 

f{z)=g{p{z))e'r 
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Now we have 

Wx = {g'px + ig9x)e'^, 
= {9 Py + igGyY'^ 1 

and thus 

(2.12) Wxx = {g"pl + g'pxx + 2ig'px9x + igOxx - gOl)e'^ , 

(2.13) Wyy = {g" pI + g pyy + 2ig' pyOy + igOyy - g9y)e''^, 
and 

(2.14) w,ws = ^{wl + wl) . 

Assume now that w is harmonic. By applying ( I2.12I ). (12.131 ). (12.141 ) and (12.11 ) in 

view of 

1<^ 1 2/ X h'{\w\)W 

(2-15) o^,logp [w) = , 

h[\w\)\w\ 

it follows that 

(/I Vpp + g'Ap + 2ig' (Vp, VO) + igA9 - g\V9\^)e'' 
h'{g{p))e'^' 



+ 



5''|V/9p + 2ig' {Vp, Ve) - g'\V9\')) e^'' = 0. 



Hg{p)) 

Thus 

(/|Vp|2 + g'Ap + 2ig' {Vp, V9) + igA9 - g\V9\^) 



+ [g'^WpV + '^ig' (Vp, V9) - g'\V9\')) = 0. 

Therefore 

(2.16) 2g' {Vp, V9) + gA9 + 2^^^^^fMM (Vp, V9) = 

Hg{p)) 

and 

(2.17) {g"\Vpf + g'Ap - g\V9\') + (/|Vp|2 _ g^\ve\')) = 0. 
Combining (12.101 ) and (12.161 ) it follows that 



From <\2.9\ we obtain 



(2.19) Ap = g{p) [h{g{p)) + h' {g{p))g{p)\ |V0p 

i.e. 

AP=-^|V«|^. 

□ 

The proof of the previous lemma contains in particular the following lemma. 
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Lemma 2.2. For k 7^ 0, the Gaussian curvature of the metric 

P = ,-,^^f 12^ is K{z) = ^ 0, 



while for k = 0, the corresponding metric is the Euclidean one: p{w) = Its 
distance function is 

( ftan-i(NI), ifK{z) = K^- 
r{\z\)=\ |tanh-i(|z|), ifK{z) = ->,\- 
( \zl ifK{z) = 0. 

Therefore 

( tan^, ifK{z) = Kl- 
g{p) = I tanhf , ifK{z) = -K^- 
( p, ifK{z) = 0. 

Thus for a constant curvature surface we have 

r £i£M, ifK{z) = K^; 

(2.20) G{p,9) = I p, ifK{z) = 

[ ifK{z) = -K^ 

The following function is well-known in the Riemann geometry, especially in 
connection with Hessian and Laplacian comparison theorem. 

{ -y/c cot (-y/cr), if c > 0; 

ifc = 0; 
-y/^coth(-v/^r), if c < 0. 

The main result lies on the inequality (13. lb . which will be proved by using the 
following Hessian comparison theorem due to Yau and Schoen [23 1. 

Proposition 2.3 (Hessian Comparison Theorem), {see |23| cf. [2, Theorem 3.2]). 
Let Ad be a Riemannian manifold and p, q & Ai be such that there is a minimizing 
unit speed geodesic 'j joining p and q, and let r(x) = dist(p, x) be the distance 
function to p. Let < c be the radial sectional curvatures of Ai along 7. If 
c > assume r{q) < Then we have 

(2.21) Hessr(x)(7',7') = 
and 

(2.22) Ressr{x){X,X) > hc{r{x))\X\l, 

where X G T^M is perpendicular to ^'{r{x)). Here Hess(r(j;)) is the Hessian 
matrix ofr{x). 

Now we formulate a comparison theorem of Osserman |)2Ql. 

Theorem 2.4 (Comparison Theorem). Let ds^ and ds^ be metrics given in geo- 
desic polar coordinates by 

ds^ = dp^ + G^{p,9)^de^ 

ds"^ = dp'^ + G^{p,efde'^. 
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If the Gaussian curvatures satisfies 

(2.23) K{p,e)<k{p,9), 0<p<po, 

then 

and 

(2.25) G\p,e)>G\p,e), 0<p<po. 

3. The key lemmas 

Lemma 3.1. Let w = f{z) be a harmonic mapping of an open subset Vt C 
into the geodesic disk Bg(0,p) C {M, p) of the Reimannian surface {A4,g) with 
a Gaussian curvature K < c,0 G Ai. Assume that ds^ = dr^ + G^(r, 9)d9'^ is the 
metric in geodesic polar coordinates in tangential space T^Ai of the surface M. 
Let r be the distance function from the fixed point G 7W. Define p{z) = r{f{z)). 
Then we have the following inequality 

(3.1) Ap>h,{p)G\pM'^e\\ 

where A and V are standard Euclidean Laplacian and Euclidean gradient respec- 
tively. 

Proof. In order to obtain Laplacian of p{z) we use an approach similar to that on 
the book of Schoen and Yau (1221 P. 176]) (cf.| 1 1. Eq. 5.1.2]). 

Viewing p as a composite function and applying the chain rule, by using the 
notation z = = x + iy and assuming that w = {w^,w'^) are Riemann 

normal coordinates on A^, we get 

Ad{w{z)ro) = y(p.^'' 



a 



i,j,a t 

Here the lower indices denote the partial derivatives. Since w is harmonic, and 
w^, w'^ are normal coordinates, then the second term vanishes. Thus we obtain the 
formula 

(3.2) Ad{w{z),b)= Ress{p)(yaW,Vaw). 

Moreover in geodesic polar coordinates we have w = pe^^ and therefore 

"^xw = V^{pe'% = p,e'^ - ipe.e'^ 

and 

VyW = Vy{pe^^) = PyC^^ — ipOyC^^ . 
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The last two relations imply 



(3.3) Ad{w{z),0) = |V/)rHess(p)(e*^e*^) + \V9\^Ress{p){pie"' , pie""). 

Since Gaussian curvature K < iLk^, then the radial sectional curvature along 
7(t) = expQ(te*^) is also bounded by ±k^. For w = f{z) we have 

d , 



(3.4) 
and 

(3.5) 



d9L = P'^ 



ie 



— I 



— I —I 



—I —I 

^qq\w' qq\ 



Because of (12.211 ) and 
(3.6) 

we obtain 
(3.7) 



-f'{p{z)) = V/9 



|Vp|'Hess(p)(e*^e*'^) = 0. 



By using now (12.221 ) and (13.31 ) - (13.71 ) we obtain 

Ap = Ad{w{z),b) 



\Ve\'^Ress{p){pie'^,pie"') 



\Ve\'^Ress{p) 



d_ 

de 



—I —I 

^^L' qq\w 

2 



□ 



>/i«(p)|Ve|2 

= K{p)G\p,e)\ve\ 

which yields (I3.11 ). 

By using comparison theorem of Osserman we obtain 

Lemma 3.2. Under the condition ofLemma \3.1\ for the Rimannian surfaces {M , p) 
with Gaussian curvature K bounded from above we have the following sharp in- 
equality 



(3.8) 


Ap>ij^{p)\ve\\ 


where 








(3.9) 


V'p(p) = S if sup K = 0; 




( ^^t"], ifsnpK-K^ 



Proof Let ds'^ = dp^ + G^{p,9)d9^ and ds^ = dp"^ + G^{p,e)de^ be metrics 
given in geodesic polar coordinates that present the metric p and the constant cur- 
vature metric p{K = ±k^). Combining (|311 ). (12.251 ) and (12.201 ) we arrive at KE\ . 
From Lemma IZn we conclude that the inequality (13.81 ) reduces to an equality for 
constant curvature metrics. This proves the sharpness of (13.81 ). □ 
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4. The proof of main result 

We are now prepare to prove Theorem 11.11 i.e. its slight reformulation: 

Theorem 4.1. Assume that N and M are Riemann surfaces and let Abe a doubly 
connected domain in N. If there exists a harmonic homeomorphism f between 
annuli A <Z N and Ap{p, pi, P2) C Ai, then we have 

(4.1) ^ > *pMod(^)2 + 1, 

Pi 

where 

^'n = < \-, if sup K = 0; 

if sup K = . I 



(4.2) / |V6lpdxdy > 27rlog^^ 



Recall that the case sup K = k?, is subject of the a priory condition ( 12.41) for p2 
i.e. of p2 < tt/{2k). 

In order to prove Theorem 14. 11 we make use of the following proposition. 

Proposition 4.2. Let w = pe^^ be a surjection between the rings A{ri,r2) and 
A{si,S2) of the complex plane C = R^. Then 

i - 

Jri<\z\<r2 ^1 

For its proof see for example lITSl . 

Proof of Theorem WJ\ Assume for a moment that / is smooth up to the boundary 
and A is the circular annulus A(ri,r2) and / maps the inner boundary onto the 
inner boundary. By applying Green's formula for p on {z : ri < \z\ < a}, 
ri < cr < r2, we obtain 



\z\=a da J\z\=T^ da Jri<\z\<a 

Here dp is the twodimensional Lebesgue measure. Since |^ > for |z| = ri we 
obtain 

' \dz\ > / Apdp. 



\z\=a da -'r-i<|2|<cr 



By applying ( 13. 8b and ( |4.2b . and using the fact that the function ipp defined in (13.9 
is an increasing function in p, we obtain 



/ '-^\dz\>[ Apdp 

J\z\=a -'r-i<|2|<<T 



> / ^l^p{p)\V9\'dp 

Jri<\z\<a 

> V'p(pi) / \ve\^dp 

Jri<\z\<cr 

a 

> 27r^p(pi)log— . 
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It follows that 

d f (J 

<yjr \ p{0 > '^^Mpi) log -• 

do- 7|^|=i ri 
Dividing by a and integrating over [ri, by a the previous inequality, we get 

/ p{r2C)\dC\- [ p{riO\dC\ 

> 7r^p(Pi)log^ — 
ri 

i.e. 

(4.3) 27r(p2 - Pi) > vr^p(/Oi) log^ J^- 

If / is not smooth up to the boundary, then instead of / we consider the mapping 
/e, < e < {p2 — pi)/2 constructed as follows. Let Ap{p,pi + e, p2 — e) C 
Ap{p, pi, P2) and define = f~^{Ap{p, pi + e, p2 — e)). Take a conformal 
mapping (p^ : A{r^, R^) — A^ and define = /o 0^. Then f^:A^^ Pi + 

P2 — e) is a p-harmonic diffeomorphism because its Hopf differential 

is holomorphic. Moreover 

R 

limlog— = Modi A). 

Then we apply the previous case and let e — )• in order to obtain (14. Il l if / maps 
the inner boundary onto the inner boundary. If / maps the inner boundary onto the 
outer boundary, then we consider the composition of / by the conformal mapping 

0(2;) = r\r2lz. □ 
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